Abstract. In this paper, we study Lagrangian submanifolds of the homogeneous nearly Kähler 6-dimensional unit sphere S 6 (1). As the main result, we derive a Simons' type integral inequality in terms of the second fundamental form for compact Lagrangian submanifolds of S 6 (1). Moreover, we show that the equality sign occurs if and only if the Lagrangian submanifold is either the totally geodesic S 3 (1) or the Dillen-Verstraelen-Vrancken's Berger sphere S 3 described in J Math Soc Japan, 42: 565-584, 1990.
Introduction
It is well-known that the 6-dimensional unit sphere S 6 (1) with the standard metric g of constant sectional curvature 1 admits a canonical nearly Kähler structure J, which can be constructed by using the Cayley number system. A 3-dimensional Riemannian submanifold M 3 of S 6 (1) is called Lagrangian if J(T M 3 ) = T ⊥ M 3 , where T M 3 and T ⊥ M 3 denote, respectively, the tangent and normal bundle of M 3 in S 6 (1). Butruille [2] proved that the only Riemannian homogeneous 6-dimensional nearly Kähler manifolds are S 6 , S 3 × S 3 , CP 3 and SU (3)/U (1) × U (1). However, Foscolo and Haskins [11] have proved the existence of at least one exotic (cohomogeneity one) nearly Kähler structure on both S 6 and S 3 × S 3 . In this paper, we consider S 6 (1) restricted to its canonical homogeneous nearly Kähler structure. For compact Lagrangian submanifolds of the nearly Kähler S 6 (1), the rigidity phenomena with respect to the sectional curvature K, the Ricci curvature Ric and the scalar curvature τ have been previously studied in [1, 5, 6, 7, 12, 15] .
Regarding the pinching theorems for the sectional curvature, we have Theorem 1.1 ( [5, 6] ). Let M 3 be a compact Lagrangian submanifold of the nearly Kähler S 6 (1) whose sectional curvatures K satisfy K > J x U = x × U, for x ∈ S 6 and U ∈ T x S 6 . It is well defined (i.e., J x U ∈ T x S 6 ) and determines an almost complex structure on S 6 (1). Furthermore, let G be the (2, 1)-tensor field on S 6 defined by
where∇ is the Levi-Civita connection on S 6 (1). Then we have (cf. [7, 10] ): 
where X, Y are tangent vector fields of M 3 , and h is related to A ξ by
From (2.1) and (2.7) we compute that
After having the results for the nearly Kähler S 6 (1), the following two lemmas have been proved for all 6-dimensional strict nearly Kähler manifold. 
. From now on, we agree on the following index ranges:
We choose {e 1 , e 2 , e 3 , e 1 * , e 2 * , e 3 * } to be a local orthonormal frame field of the tangent bundle T S 6 such that e i lies in T M 3 and e i * = Je i lies in T ⊥ M 3 . Let {ω 1 , ω 2 , ω 3 , ω 1 * , ω 2 * , ω 3 * } be the associated dual frame field so that restricted to M 3 it holds that ω 1 * = ω 2 * = ω 3 * = 0. With respect to {e 1 , e 2 , e 3 , e 1 * , e 2 * , e 3 * }, let ω ij and ω i * j * denote the connection 1-forms of T M 3 and T ⊥ M 3 , respectively. Then the structure equations of x : M 3 → S 6 (1) are:
where h
Taking exterior differentiation of (2.10) we get
where R ijkl , R i * j * kl and h k * ij,l are components of the curvature tensor of the tangent bundle, the normal bundle and the first covariant derivative of the second fundamental form of M 3 , and they satisfy the Gauss-Codazzi-Ricci equations:
From (2.12), the Ricci curvature R ij and the scalar curvature τ of M 3 satisfy
where
2 is the squared length of the second fundamental form. Exterior differentiation of the last equation of (2.11) we get the Ricci identity
where, h p * ij,kl is the components of the second covariant derivative of h:
Consider the unit sphere
There are many Lagrangian immersions from the topological three-sphere S 3 into the nearly Kähler unit 6-sphere that have nice properties. Indeed, besides that of constant sectional curvature appeared in Theorem 1.2, immersions of Berger 3-spheres are also introduced and geometrically characterized in [7] and [3] (see also [16] ). For our purpose, we particularly mention that, in [7] (cf. also [9] and [16] ), Dillen, Verstraelen and Vrancken constructed an embedding from the topological three-sphere into the nearly Kähler unit 6-sphere, defined by
(−10y 1 y 3 − 2y 3 − 10y 2 y 4 ),
(2y 1 y 3 − 2y 3 + 2y 2 y 4 ),
(10y 1 y 4 + 2y 4 − 10y 2 y 3 ).
To make calculation of the mapping Ψ : S 3 → S 6 (1), let X 1 , X 2 , X 3 be the vector fields on S 3 , defined by
Then X 1 , X 2 and X 3 form a basis of tangent vector fields to S 3 , and it holds that
We define a Berger metric ·, · on S 3 such that X 1 , X 2 and X 3 are orthogonal and such that X 1 , X 1 = 4/9 and X 2 , X 2 = X 3 , X 3 = 8/3. Then
form an orthonormal frame field on (S 3 , ·, · ). Moreover, direct calculations give the following results. 
(1) Let σ be any plane in the tangent space of S 3 . Then we have an orthonormal basis {X, Y } of σ such that X = cos θE 2 + sin θE 3 and Y = sin ϕE 1 − cos ϕ sin θE 2 + cos ϕ cos θE 3 , where θ, ϕ ∈ R. Thus the sectional curvature of the plane σ is given by R(X, Y, Y, X) = K(σ) = 
Lemmas and Proof of the Main Theorem
First, thanks to that Lagrangian submanifolds of the nearly Kähler S 6 (1) are minimal, and applying for the Gauss-Codazzi-Ricci equations (2.12)-(2.14) and the Ricci identity (2.16), we have the following well known result. 
Here, S ij = trace(H i H j ) and N (A) = trace(AA t ) = i,j (a ij ) 2 for A = (a ij ).
Next, to calculate the invariant i,j N (
ij , we will choose a canonical orthonormal bases following the standard way of N. Ejiri [10] .
Let M 3 be a Lagrangian submanifold of the nearly Kähler S 6 (1). Let U M 3 be the unit tangent bundle over
is compact, there is an element e 1 ∈ U q M 3 such that f q (e 1 ) = max u∈UqM 3 f q (u). Actually, we have the following lemma. 
.2) holds, then by notations of Lemma 4.1 we have
(4.5)
Proof. If (4.2) holds, then we can write H k = (h k * ij ) in more explicit form:
From (4.6)-(4.8), we have the following computations
10)
Next, by direct calculation of
). From the above computations we immediately verify (4.4) and (4.5).
Next, for a Lagrangian submanifold M 3 of the nearly Kähler S 6 (1), we introduce a
. The tensor T has important properties that we state as the following lemmas. 
Then we have
Proof. Let {e 1 , e 2 , e 3 } be a local orthonormal basis of the tangent bundle of M 3 as assumed in section 2. From (2.9), we have A Jei e j = −Jh(e i , e j ) = k h k * ij e k . It follows that
Then, by using the minimality of M 3 and (2.6), which gives that 17) we can easily verify by direct calculations that g((∇h)(e i , e j , e k ), F (e i , e j , e k )) = 
we finally verify the assertion (4.16). Proof. By using (2.2)-(2.4) and (2.9), we get the calculations: This is equivalent to that the submanifold is J-parallel (cf. (24) of [9] 
